Abstract : In May 2015, the Flow-Based Market Coupling (FBMC) 
approximation of real power flows, since the locations of generation plants within a price area do not affect the model solutions and it is assumed that the cheaper power within an area can always be dispatched first. In real-time dispatch, however, physical power follows the laws of physics and it is not necessarily equal to the commercial flow defined by the ATC model. Moreover, Bjørndal et al. (2018) found that when the penetration level of renewable energy is high, applying a low ATC value (i.e., to restrict the commercial power exchange in the day-ahead market) was not sufficient to limit physical power exchange between two connected countries.
In order to better monitor the power flow in an integrated European market, a so called Second, a higher social welfare generally implies that more power is sold/exchanged in the market. However, it is possible that some contracted power in the day-ahead market could not be dispatched in real time due to network limitations. The following redispatch may lead to extra cost for the end consumers. Therefore, it is critical to examine whether the increased social welfare in the day-ahead market comes at the cost of more re-dispatching.
The rest of the paper is organized as follows. In section 2, we provide the mathematical formulations of different day-ahead market clearing models (nodal pricing, FBMC, and ATC) as well as the real-time re-dispatch. In section 3, we discuss some formal relationships between the day-ahead market clearing models, illustrated by a 3-node example. Section 4 shows different model results in two numerical examples, a 6-bus test system and the IEEE 24-bus test system. Some conclusions are given in section 5. In this section, we discuss the sequential structure and necessary procedures of dayahead and real time re-dispatch markets. We also state the mathematical models used in this paper. Generally, three distinct phases can be identified in the operational procedure of FBMC, i.e. pre-market coupling, market coupling and post-market coupling.
Market procedures and models

Notation
Sets and Indices
Pre-market coupling
Pre-market coupling is the preparation phase where the TSOs prepare the input for the day-ahead market models. The pre-market coupling starts on the evening of Day -2 and lasts until 10:00 on Day -1. For the FBMC model, to prepare the input data, the TSOs first create one or more base cases, which contain the load and generation information for each bidding zone and the expected state of the detailed grid topology. Given the "base case," the TSOs then will derive the Generation Shift Keys (GSKs), zonal PTDF matrices, Critical Branches (CBs), and other factors. These data are sent to the power exchanges and used as input for the day-ahead market. For the ATC model, the TSOs will assign the maximum trading volume between two connected price areas.
We notice that there might be substantial forecast errors for these input data, as they are collected/generated one or two days before market clearing. The inaccuracy might affect the performance of the day-ahead models in practice. However, in this paper, we do not measure the uncertainty regarding the load, generation, or network topology. We assume that these data are kept unchanged for all the three phases involved.
We further assume that the results given by the nodal pricing model (i.e., the optimal solution and nodal prices) serve as the "base case." The nodal pricing model utilizes all the available resources within the network, and because the FBMC model originates from the nodal pricing model, the nodal pricing results may be considered the best possible estimation for the input data to the FBMC model. Consequently, as the input data in this paper are based on better predictions than what we can expect in practice, the results from the FBMC model may be on the optimistic side.
Nodal pricing model max
Subject to:
The objective of the nodal pricing model is to maximize the social welfare, i.e., Eq. (1)).
Net injection, , to each node i is equal to the difference between generation, , and demand, , i.e., Eq. (2)). Total generation should be equal to demand (Eq. (3)),
i.e. we are not considering losses. The nodal power transfer distribution factor, , , which is derived from the lossless DC power flow approximation (Christie et al., 2000) , illustrates the linearized impact on line by injecting 1 MW power at node and subtracting it from the reference node. The total power flow on line is given in Eq. (4), and it is restricted by the line thermal capacity limit in Eq.
(5).
A generation shift key (GSK) is a factor describing the most probable change in net injection at a node, relative to a change in the net position of the zone that it belongs to (Epexspot, 2011) . The set of GSKs is crucial in the FBMC model (De Maere d'Aertrycke and Smeers, 2013). Although the GSKs should be defined before market clearing, in reality they cannot be known until the FBMC calculation is completed. The TSOs calculate the GSKs using a "base case", anticipating grid topology, net positions, and corresponding power flows for each hour of the day of delivery. In practice, a precise procedure to define the GSKs is missing.
In this paper, we define GSKs as the nodal weight of the net position within each zone: 
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The objective of the FBMC model is to maximize the social welfare (Eq. (10)). The Net Exchange Position of zone , , is equal to the difference between the total generation and demand within zone (Eq. (13)). A positive sign of indicates that zone is a net export area and a negative sign indicates a net import area. The zonal PTDF matrix is applied only to calculate flows on the CBs (Eq. (14)), and these flows are restricted to be less than the thermal capacities (Eq. (15)) (in general, the RAM).
ATC model max (16)
Compared to the FBMC model, the ATC model 
Post-market coupling (re-dispatch model)
Though the FBMC model tries to take the real physical characteristics of the power system into account, it introduces more approximations and simplifications than the nodal pricing model. The zonal PTDF matrices do not accurately represent the characteristics of the power system. The GSKs are based on the prediction of the market-clearing results, which implies that GSKs are subject to forecast errors. It also assumes that any change in the zonal net injection is distributed on the nodes of the zone corresponding to the GSKs. Therefore, the power transfer given by the FBMC model is not equal to the real physical power flow 4 , and re-dispatch may be needed in order to obtain a feasible flow in the real network.
We would like to test whether the FBMC model could truly help to relieve the congestion on the CBs. If so, the need for re-dispatch should be reduced. We introduce the re-dispatch model to examine whether the re-dispatch cost will be reduced after applying the FBMC model. Figure 1 illustrates the mechanism of the re-dispatch model, using a two-node example where we assume that the prices are equal after the day-ahead market clearing. The dayahead market determines the clearing price and quantity based on the supply and demand information. The supply curve at node A is less steep than that at node B, which implies that the next unit of power is cheaper at node A. However, we assume that due to network constraints, some of the contracted power at node A cannot be dispatched.
Therefore, in order to satisfy the demand, generation at node B has to be increased. We 4 Although the "base case" in this paper is the solution of the nodal pricing model, the FBMC model is not necessarily converging to the nodal price solution.
Node A Non-dispatchable contracted power
Node B
Substitutive power
Re-dispatching cost assume that the generators bid deviations at their day-ahead marginal cost, i.e. there are no additional cost or restrictions on generation in real time compared to the planning/day-ahead stage, and that there is perfect price discrimination. Generators that cannot dispatch the contracted power, would pay their saved marginal cost to the market, and generators that increase their generation in order to satisfy the demand, would be compensated by their short-run marginal cost of production. This implies that no economic profit is generated from the re-dispatching procedure. The increased generation that replaces the contracted power that cannot be dispatched, is more expensive and leads to an extra cost, which is shown as the area filled with green slashed lines. These assumptions are conservative, and may give a lower re-dispatch cost than what can be expected in practice. In real life, the re-dispatch cost will increase because the generators might bid at a higher price (i.e., marginal price plus the opportunity cost)
and because other cost (e.g., start-up cost) and/or restrictions (e.g. inflexible generators)
would be taken into account. On the other hand, on the demand side, we assume that day-ahead scheduled load can only be reduced by (costly) loadshedding / load curtailment. In practice, inelastic load may contribute to a more cost-efficient redispatch.
The objective of the re-dispatch model is to minimize total re-dispatch costs (Eq. (22) (25) and (26)). The CBs could be lines connecting two price areas (i.e., interties) or lines within a price area. In the ATC model, the network is also divided into several price areas. However, instead of using the capacity of individual lines, the ATC model limits power transfer between two price areas to be less than an aggregate capacity (i.e., ATC value). No physical restrictions are applied to lines within a price area. Therefore, within the same area power can be freely traded.
Day-ahead model relationships
In the following, we further discuss the relationship between these three models in terms of their mathematical formulations. Note from the previous section that the objective functions are the same in all three models. Moreover, since the day-ahead models have linear constraints (based on the linear DC approximation of the AC power flows), the set of feasible solutions in all three formulations are convex. 
The nodal pricing model and the FBMC model
Using Eq. (6) and (7), the zonal PTDFs can be expressed as
If we assume that all lines are CBs in the FBMC model, from (14) and (15) 
Proof:
a) The thermal constraints (i.e., Eq. (5)) imply that the sum of power going from zone z to zone zz is less than or equal to the sum of thermal capacities in any feasible solution to the nodal pricing model. Therefore, if the value of the , is set to be greater than or equal to the sum of thermal capacities, any solution that is feasible in the nodal pricing model will also be feasible in the ATC model. b) If we assume that the value of the , is greater than or equal to the sum of power going from zone z to zone zz in the optimal solution to the nodal pricing model, then this solution to the nodal pricing model will always be feasible in the ATC model (Eq. (16) to (21)). In this case, the ATC model will have an optimal social surplus, which is greater than or equal to the optimal social surplus of the nodal pricing model.
Example network with 3 nodes
We illustrate the relationships between the different congestion management methods for the day-ahead market by using a 3-node example as displayed in Figure 3 . The nodes are connected by 3 identical lines (i.e., with the same thermal capacity and admittance).
The network is divided into two zones, zone z1 with node 1 and zone z2 with nodes 2 and 3. We let Qi denote net injection into node i, Qi > 0 representing net generation and Qi < 0 representing net withdrawal (demand). We assume node 1 to be the reference node and the corresponding nodal PTDFs are given in Table 1 . In practice, setting the ATC transfer capacities between the areas is a challenging task.
On the one hand, setting a too high capacity will typically result in infeasible flows, while setting it too low may constrain the system unnecessarily. In the example, we discuss two possibilities: The first is to sum the individual capacities for all the connecting lines (i.e., 80 in our example), and the second is to use a more restrictive value, taking into account the possibility of a "worst case" distribution of supply and demand within the zones (i.e., 60 in our example) 5 . In the example, it seems reasonable to use an ATC value between 60 and 80, however in practice, the ATC transfer limit may be even lower than 60, for instance in order to relieve intra-zonal constraints.
Maximum capacity: 80 80
"Worst case" capacity: 60 60 (38) 5 Since in a zonal pricing context we do not know exactly where supply and demand bids are located, the "worst case" refers to a situation where generation and load is located in the most unfavorable way.
In the example, if zone 2 is the exporting zone, the worst possible case is if all net generation was located in one of the nodes 2 or 3. If so, the maximum net generation that is feasible in the nodal model, would be 60 units (⅔ • 60 = 40). Setting the ATC transfer capacity at 60, would then secure that the net transfer is feasible in the nodal model, no matter how generation is distributed over the nodes in zone 2.
c) FBMC model constraints
We follow the procedure described and start by defining the GSKs. For node 1, the GSK is equal to 1, and the PTDFs for zone 1 are zero for all lines. For nodes 2 and 3, the GSKs can be defined as
Node 3:
The PTDFs for zone 2 are then calculated by using the GSKs and the nodal PTDFs
Assuming all three lines are critical, the FBMC model constraints are the following
The exact constraints depend on the value of α (the GSKs). However, we also notice that the FBMC model limits the sum of Q2 and Q3, and thus, like the ATC model, is not able to distinguish between the effects of net injections in node 2 versus node 3. If we assume inelastic demand equal to 70 located in node/zone 1, and that the marginal cost for generation is low in node 2 and high in node 3, we obtain the following optimal solutions from the three models: In Figure 4 we show the feasible areas for the different congestion management models, varying the "base case" used to calculate the GSKs and the ATC transfer capacities.
Since the energy balance implies that , we only need to consider the Q2 and Q3 variables.
In Figure 4 
Numerical Examples
In this section, we follow the market procedures as discussed in Section 2 in a 6-bus test system as well as the IEEE 24-bus test system (Subcommittee, 1979) to illustrate the impact of the implementation of the FMBC model.
6-bus test system
Figure 5: A 6-bus test system
We first consider a 6-bus network example as shown Figure 5 . This example is used in Chao and Peck (1998) and de Maere d'Aertrycke and Smeers (2013). Generation is located at buses 1, 2 and 4, while load is located at buses 3, 5 and 6. The supply and demand bids are assumed to be linear in quantity Q, and they are given in Table 2 . The parameters regarding the topology are shown in Table 3 . The network is divided in a western (W) and eastern (E) zone, as shown in Figure 5 . Bus 1 is selected to be the reference node and the node-to-branch PTDF matrix is shown in Table 4 . We solve the nodal pricing model and get the net input for each bus. We derive the GSKs as in Eq. (6) to determine the weight for each bus as shown in Table   5 . Table 4 : Node-to-branch PTDF matrix (Bus 1 is set to be the reference node) Using the GSKs and the node-to-branch PTDF matrix we calculate the zone-to-branch PTDF matrix (Eq. (7)) given in Table 6 . Based on the PTDF matrix, the TSOs then decide on the CBs. We notice that the zone-to-branch PTDF matrix changes as the reference node changes. However, the zone-to-zone PTDF matrix , (Eq. (8)) remains the same even when the reference node changes This can be proved based on the fact that the sum of GSKs for a zone is constant and equal to 1, and the difference between two nodal PTDFs is the same regardless of the choice of reference node. Table 7 . We find that when line 3 is selected as the CB, the solutions are the same regardless of whether line 5 has been chosen or not. The reason is that line 3 is the bottleneck of the system. Power exchange between areas W and E is mainly limited due to the lack of thermal capacity on line 3. Only 400 MW power can be traded between these two areas. Table 7 : Results for 6-bus system
Bus 1 Bus 2 Bus 3 Bus 4 Bus 5 Bus 6
Bus-ID
CB=3
In the case when only line 5 is selected as the CB, power exchange increases to 500MW.
This reduces the price difference and increases the social surplus given in the FBMC model. However, when we take the post-market coupling into account, re-dispatching cost increases significantly. We re-calculate the social surplus by subtracting the redispatching cost. We find that this case has the lowest social surplus when taking into account the re-dispatch cost.
This example shows the importance of choosing the "right" CBs before market clearing in the FBMC model. Based on the zone-to-zone PTDF matrices, both lines 3 and 5
show equal importance in terms of inter-zonal trading. However, the results reveal that line 3 is actually more important. If only line 5 is selected, a higher re-dispatch cost occurs, which leads to lower social surplus. In such a case, the end-consumers might have to bear the cost.
We further compare the FBMC model to the ATC model. We set the ATC value to 400
MW in the ATC model. That is to limit the maximum trading volume between W and E to 400 MW (the total capacity for the interties is 450 MW). We find that the solutions are exactly the same for both the ATC and FBMC models. This indicates that the FBMC model does not necessarily outperform the ATC model in terms of relieving the congestion on the CBs in this example.
Both the ATC model 7 and the FBMC model give a higher objective function value than the nodal pricing model (see Proposition 1 and 2). However, after taking the redispatch cost into account, the nodal pricing model gives the highest social surplus. The total volume of power transfer between the two price areas is the same in both the ATC and the nodal pricing models.
The IEEE 24-bus test system
We next apply the FBMC model to the IEEE 24-bus test system with topology shown in Figure 6 . The supply and demand bid functions are derived from Deng et al. (2010) and shown in Previous research shows that in order to properly implement the ATC model, a zone should be aggregated in such a way that congestion seldom happens within the zone.
This might also be a critical issue in the FBMC model. However, in the European power market, most of the price areas are currently defined according to the national boundaries. Therefore, we do not study how to partition the nodes in this IEEE 24-bus system. We arbitrarily divide the system into two areas S and N. The S area contains buses 1 to 10 and the N area contains buses 11 to 24. We follow the same procedure as we demonstrated in the 6-bus system to find the CBs. We choose 6 lines (the red lines in Figure 6 ) which are considered to be most affected by cross-border trades indicated by the zone-to-zone PTDF matrix. As shown in Table 9 , compared to the nodal pricing model, the FBMC model has a higher social surplus (i.e., objective value) as indicated by Proposition 1. However, the cost per unit of electricity that a customer pays could be much higher if the re-dispatch cost is taken into account. The power in the N area is generally cheaper than that in the S area. Due to the effect of Kirchhoff's law however, the power flow goes from the S area (high-price area) to the N area (low-price area) in the nodal pricing model, i.e. an example of an "adverse" flow that is optimal. We then compare the FBMC results to the ATC model in which the ATC value is set to 380 MW. We find that the net inter-zonal power exchange is 343 MW in the FBMC model compared to 380 MW in the ATC model. Moreover, the average cost for each unit power is slightly higher in the FBMC model. We further check the physical power flow given by solutions to the day-ahead markets. We use Eq. (4) to calculate the physical power flow by fixing the value of nodal load and generation given by the dayahead market models (i.e., ATC and FBMC models). From the results in Table 10 , we notice that 3 out of 6 selected CBs are congested in both the ATC and FBMC models. 
Conclusions
In this paper we discuss the FBMC model, which has recently been implemented in parts of the European electricity market. We illustrate the relationships between the various congestion management models in a 3-node example, and further test the FBMC model in a 6-bus system, as well as the IEEE 24-bus test system. In the paper we simplify the model to a great extent by neglecting the uncertainties regarding the load, generation, and network topology. However, we still find results showing that it is difficult to implement the FBMC model appropriately. Therefore, it might be a great challenge to apply the FBMC model in the current European power system.
We find it difficult to identify the CBs simply based on the zonal PTDF matrix. It requires that the TSOs forecast directions of the cross-border power exchange.
Moreover, the TSOs might choose the wrong CBs based on the information given by the zonal PTDF matrix. In our example, a higher social surplus in the day-ahead market could occur if CBs are not correctly defined. However, this selection leads to a high redispatch cost in the post market coupling. This could do harm to the end-consumers as they might have to bear the high re-dispatch cost. We also find that the FBMC model does not necessarily outperform the ATC model in terms of helping to relieve the congestion and to better utilize the resources within the network.
We find that price areas are currently defined according to the national boundaries in the European power market, and that this might lead to power being exchanged in the wrong direction. This happens not only in the ATC model, but also in the FBMC model. This is an important issue to study when implementing the FBMC model.
